Модуль: Дифференциальные уравнения, допускающие понижения порядка. ОЛДУи НЛДУ с постоянными коэффициентами    (М16)
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	УЭ1
	Уравнения, допускающие понижения порядка.
[image: image1.png]YpasHeruunn snpa y" = f(z)

WnuTerpuposanuem obeux yacreit ypasuenus y' = f(r) oHO IpUBOOUTCS K ypaB-
HEHMIO TIepBOro MOPAIKa

y'=/f(:c)d:c=F(:c)+Cl.

IIoBTOpPHO MHTErPUPYSA MOJIyYEHHOE PABEHCTBO, HAXOOUM 00Ilee peNIeHUE UCXOTHOTO
yPaBHEHMA:

y = /(F(:c) +C1)de + Co.




Пример 1.
Найти общее решение дифференциального уравнения
[image: image2.png]



Решение:
[image: image3.png](Q Wurerpupys, nosyuum

[} 1 . :132
= 4+xz—sinz | dr = arctgx + = + cosz + C;.
Y / (1 + 2 ) & 2 '
IToBTOpHOE MHTErpUpOBaHHe ( / arctg r dr Hamo OpaTh MO YacTAM: arctgr =
dzx
+

’
(132

=u, du = 7 v = &, dr = dv) NpUBOOMUT K OTBETY:

2
y=/ (arctgm+%+cosa:+01> dr =

z3

- +sinz 4+ Ciz + C,. o

= rarctgzr + %ln(l + %) +




[image: image4.png]Auddeperymanshbie ypastvenunsa F(z,y’,9") = 0, asHo He copgepxawme
nckomon pyHkumn gy

Taxue ypaBHEeHUA NONYCKaIOT MIOHMXEHME MOPAIKa NOACTaHOBKOH y = p, y' =

= p'. JIpyrumu cJjioBaMH, JaHHOE ypaBHEHHE PaBHOCHJIbHO cucreme nuddepennm-
aJIbHbIX YpaBHEHU!l 1epBOro NOpsaaxKa

y =p,
F(z,p,p') =0.




Пример 2.

[image: image5.png]Pemnts nuddepennmanbioe ypasuenune y' — y' ctgr = 2zrsinz
HaiiTn Takxxe yacTHoe pemenue, ecau y =1, y' =0 mpu z = %




Решение:

[image: image6.png](Q Hannoe nuddepenunaibHoe ypaBHeHHe BTOPOrO MOPANKa He CONEPXKHUT
sIBHO HCKOMYIO QyHKIHIO ¥, T. e. uMeeT Bua F'(z,y’,y") = 0. Ilonoxum y' = p,
torga y' = p'. Ilonyyaem muddepenimanbHoe ypaBHeHre NEePBOro MOPAIKa,
p' — pctgxr = 2xsinz — mHeliHOe OTHOCHMTEJ/ILHO HEM3BECTHOH yHKIMH
p = p(z). Ob1ee pemeHne 3TOro ypaBHeHUs HalieM MOACTAHOBKOM p = u - v,
p' = u'v + uv'. Ilonyyaem:

v' —vctgz =0,

uw'v+uv —uwvctgzr =2zsinz & ¢ ,
uv=2zsinz.




[image: image7.png]113 nmepBoro ypaBHeHus HaxonuM In |v| = In |sin z|, T.e. v = sin z. IloncraBnas
BO BTOpOe ypaBHeHue, noay4dum u’' = 2z, orkyna u = x°+C). CienosaresibHO,
p=uv = (x2+C})sinz, 1.e. y' = (2> +C}) sin . UuTerpupys 310 paBeHCTBO,
Haiinem oblee peleHre UCXOOHOTO YPABHEHHSA

y = —(z% + C1)cosz + 2z sinz + 2cosz + Cs.

[loocTaBJjisia B IBa NOCJIEOHUX PABEHCTBA Ha4yaJlbHble YCJIOBUA T = %, y =1,

y' = 0, nosty4aem
2
0=(71r_6+01)§ 1 1=—( +CI)Q+% ‘/_+2 ‘/—

2
V2 (1
16 unCy=1- 5 (5 + 2) [IOACTABJISIEM B

obiree pemenne. OTcioga UCKOMOE YaCTHOE peleHne

2
yq=2a:sina:+1—7rj:4\/§—(w2—71r—6—2)cosa:. ®

Haitnennnle 3Havenusa C; = —





[image: image8.png]Ouddepenymanshoie ypastenus F(y,y',y") = 0, asHo He copgepxaume
HE3aBUCUMOW NEpemMeHHON T

VYpaBHeHNs Taxoro BHMOA JONYCKAIOT IOHMXEHHE MOPANKa MOACTAaHOBKOH y =
= p = p(y) (bopMasIbLHOE OTCYTCTBHE AaPI'yMEHTa I MO3BOJIAET CYUTATH HEM3BECT-
Hyo bynkuuio p Gynkuue aprymenta y), orkyna: y' = (p(y))’ = p'(y) - y'(z) =

!/
=p D

Taxum obpasom, ypasuenue F(y,y ,y") = 0 pasHOCHM/IBHO cHCTeMe

y =p,
F(y,p,p-p') =0.




Пример 3.

[image: image9.png]Haiitn obuiee pemenne nuddepeninaabHoro ypasuenus y'' tgy =
= 2(y')?. Haiitu Takxe qaCTHoe pemeHne yIOBJIETBOPSIIOlee Ha-
4aJIbHBIM ycJjioBuaAM y(1) = 4, y'(1) =




Решение:

[image: image10.png](Q Hannoe muddepeHmatbHOe ypaBHEHNe He CONEPXKUT B IBHOM BHIE ap-
ryMeHTa T, T. e. umeeT Bun F'(y,y',y") = 0. Ilpumem B kauecTBe HE3aBUCHMOi
nepemMeHHO# y u BbinoiHMM 3ameny ¥y = p = p(y). Torma y"” = p- p/, a uc-
XOIHOe ypaBHeHHe MpUHuUMaeT BUO: p-p'tgy = 2p?. Ecm p =0, To y' = 0,
T.e. y = C. Ilocse cokpamennsa Ha p # 0 pemmnMm nuddepeHinaabHOe ypas-
HEeHHEe TMepBOro mopsauka p' tgy = 2p. 910 ypaBHeHHe C Pa3HesIAIMMUCS
nepemeHHbIMH. PemaeM ero ctaHnapTHbBIM 0Opa3oM:

dp Cos Yy
£ _9~
p sin y

)

T.e. In|p| = 2In|siny| + In|Cy|, C; # 0, otkyna p = C;sin’y (3ameTnm,
4TO HafimeHHoe paHee pemeHue p = () COmepKHUTCA B MOJIyYeHHOM BbIpaXxe-
HuM — poctaToyHo nosioxuts C; = 0). 3amenuM p Ha y' M pemuMm ypas-
Herue y' = C| sin’ y, KOTOpOe TakxKe ABJIAETCA YPABHEHHEM C Pa3IeJIAIOIHY-

Mucsa mepemensbiMu: —— = () dr, wm —ctgy = Ciz + Cs. Tlonyuynmu
sin® y

0611Lee DeIllIeHe MCXOIHOro VDaBHEHUS B HesaBHOM Buue. IlomcTaBMM B HEro




[image: image11.png]¥ B BbipaxkeHue 1A Yy 3HavYeHus £ = 1, y = % uy = —2. 3 paBeHCTBa,

—2 = () sin® % HaxonuM C; = —4, a U3 paBeHCTBa — ctg% = Ci + Cy, yun-
ThiBas, 4T0 C1; = —4, Haxogum C2 = 3. IloocTraBnsas nosiy4yeHHble 3HAYEHUsT
KOHCTAaHT B oblliee penieHne, KoTopoe 3anuiieMm B Buge y = arcctg(—Ciz—Cs),
HaXoOuM TpebyeMoe 4acTHOe pemeHue y, = arcctg(4c — 3). @





Задания:

[image: image12.png]2.6.2. y" =sindzr + 2z — 3.
2.6.3. y" = €% +cosx — 2z3.




[image: image13.png]2.6.13.
(z+1)y" =y - 1.




[image: image14.png]2.6.23. y"y3=1.
- ] __ 2.6.24. yy" —(y¥y')% -1




	Записать необходимую информацию
Пример записать в тетрадь


	УЭ2
	Линейные однородные дифференциальные уравнения с постоянными коэффициентами
[image: image15.png]= Paccmorpum smmHeltHoe ogHopomHoe nuddepenunasbhoe ypasuenne (JIOIY)

BTOpPOro mopsifka C NOCTOSTHHBIMH K03 duuneHTaMn

y' +py +ay=0.
Ksanparwoe ypasuenne
k> +pk+q=0

Ha3bIBAaETCA TAPAKMEPUCTNUNECKUM YPaBHeHUueMm NJisd ypaBHeHus (7.4).

(7.4)

(7.5)
&




[image: image16.png]Teopema 2.7. MNyctb k1 n k2 — KOpPHW XapaKTepUCTUHECKOrO ypaBHEHMA ANA
ypasHeHusn (7.4). Torpna obwee pewenue ypasHenns (7.4) HaxoanTCA NO OAHOW N3
cnepyowmx Tpex opmyn:

1) Ecnu k1 v k2 — peiictButensHbie n k1 # k2, 10

kiz kozx
yoo=016 1 +C2e 2 ’

2) ecnn k1 = kz, TO
Yoo = eklw(cvl + 021');

3) ecnun k1,2 = a £ Bi — KOMNNEKCHO-CONPAXKEHHbIE KOPHU, TO

Yoo = €**(C1 cos Bz + C3 sin Bz).




Пример 4.
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yyy

¢¢¢

-+=


Решение:

[image: image18.png](Q CocraBuMm xapakTepuctndeckoe ypasHeHue: 2k“ — 3k + 1 = 0. Ilo ero
KOpHAM k; = 1 u ks = = cocraBum oOlllee pelieHHe OJaHHOrO OOHOPOIHOIO
ypaBHEHUs1, COIJIACHO TeopeMme 2.8:

1
Yoo = C1€° + Cae2”, @




Пример 5.
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Решение:

[image: image20.png](9 Xapaxktepuctuueckoe ypasHenue 4k“+4k+1 = 0 umeeT nBa OOMHAKOBBIX

KOpHA k; = ko = -5 B Takom ciyuae (cMm. Teopemy 2.8)

1 1 1
Yoo = C1€72% + Coze™ 2%, wm Yoo = (C1 + Cax)e™ 27, ®




Пример 6.
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Решение:

[image: image22.png](Q Xapakxrepucrtuueckoe ypasaenue 2k% + k + 3 = 0 uMeeT KOMILJIEKCHbBIE
(KOMIL/IEKCHO-CONpsDKEHHbIE) KOPHH:

—1++23i
k1,2 = T

B arom ciiyyae obmee pelleHne ypaBHEHHsI UMEET BULL

1
Yoo = (Cl cos 1/74_2—%:0 + Cs sin 1/74_2—§m) e 1%,





Задания:

[image: image23.png]2.7.19. y" -5y +6y=0. 2.7.20. 2y" +5y —7y=0.




[image: image24.png]2.7.26. y" — 6y’ + 9y = 0. 2.7.27. y" — 4y +4y=0.




[image: image25.png]2.7.31. y" +4y=0. 2.7.32. 4y" +9y=0.




	Записать необходимую информацию
Примеры записать в тетрадь



	УЭ3
	Линейные неоднородные дифференциальные уравнения с постоянными коэффициентами

[image: image26.png]ITockoymbKy OOmIee peneHne Yoo JIMHEHHOro OmHOpOaHOro ypaBHenus (7.4) Jier-
KO HAXOOUTCA MO Teopeme 2.7, TO B CHJIy TeopeMbl 2.6 mJiaA HaxoXmgeHus obuiero
pelleHusi JIMHEUHOI'0 HEOOHOPOJHOI'0 YPaBHEHUS

y' +py +qy = f(z) (7.6)

ocTaercs HaliTu kakoe-HMOyIb OIHO €ro YacTHOE PEIeHHe Y4. B Tex ciyuasx, Korga
mpaBas 4acTb f(Z) MMeeT cnelMaJIbHBIA BHO, YACTHOE PEUIEHHE Yy HEOTHOPOIHO-
ro ypaBHEHHMSI HAXOOUTCS Memodom Heonpedeserrur xo3PPuyuermos. IToT METOn
Ha3LIBAETCA TaKXKe METOAOM Ioabopa YAaCTHOrO PElleHHsA HEOIHOPOOHOTO ypaBHE-
HHMS ¥ CBOIUTCHA K CJIEAYIOIMM IBYM CJIy4YasiM.

Cayuaii 1. f(z) = e** P,(z), roe Pn(z) — MHOro4ieH CTeneHu nm.

a) Eciiu a He siBiisercst KOpHeM ypaBHeHHus (7.5), TO YaCTHOE pelIeHHe Yy MOXK-
HO MCKaTh B BHJE

ar
Ys =€ Qn(z),
rae Qn () — MHOrO4JIEH CTENEeHN N C HEU3BECTHHIMH K03 duIeHTaM .
6) Ecsimt @ — xopenb ypaBHeHus (7.5) KpaTHOCTH Kk, TO YACTHOE PEUICHHE Y
MOXHO MCKaThb B BHIE
k _az
Ye =T € Qn(x)-

B yactHocTH, ecsin f(r) = Pn(z), T.e. @ = 0, TO y4 UMeeTCs B BUAE Yy = Qn(T)
(ecim @ = 0 He ABJIACTCA KOPHEM XapPaKTEPHUCTHYECKOrO ypPABHEHHWs) WJIM B BH-
me Yo = z* - Qu(z) (ecit @ = 0 — KoOpeHb KpaTHOCTH k XapaKTEPUCTHYECKOTO
YPaBHEHHUS).




[image: image27.png]Cayuait 2. f(z) = €*®[Pn(z)cos Bz + Qm(z)sin fz], roe Pnp(z) u Qm(z) —
MHOTOYJIEHBI CTENeHN N U M, cooTrBeTcTBeHHO. [lostoxum N = max(n, m).
a) Ecyin o + i He aBndAoTCH KOpHAMHU ypaBHenus (7.5), TO

Yy = €**[Pn(z) cos Br + @Qn(z) sin Bz].
6) Ecoin a + B¢ — xopuu ypaBHenns (7.5) xparsHoctu k, TO

Yu = mkeaz[PN (z) cos Bz + Qn(z) sin Bz].




Пример 7.

[image: image28.png]HaliTu o6mee pemenne ypaBuenus y'' — 7y’ = dxre®, nonbupas 4act-
HOE pellleHNe METOIOM HEOIpene/IeHHbIX KO3 (pUIIMEHTOB.




Решение:

[image: image29.png](Q XapaxTtepuctuueckoe ypasHenue k2 —7k = 0 umeer OBa neficTBUTE/bHBIX
KOpHA k1 = 0 u ko = 7, noaTOoMy 0Olllee pelreHHe OOQHOPOOHOrO ypaBHEHUSA
y" — 7y’ = 0 umeer BUA Yoo = C; + C2e’®. IlpaBasd 4acTb HEOTHOPOIHOTO
ypaBHenus umeer Buzn f(z) = P,(x)e**, rne Pi(z) = 5 — mHOro4seH nep-
Bolt cteneHn, a k = 1 — He ABJIAETCA KOPHEM XapaKTEPHCTUUYECKOTO ypaB-
HeHusi. 3HAYNT, YACTHOE pellleHHe MIIEM B TaKOM Xe BUIE: Yy = (Azx + B)e”
(Az + B = ()1(x) — MHorouJieH nepBo# CTerneH:u C HEM3BECTHLIMU K03 du-
uyentamu). [IJis1 onpenesienusi KoadpunueHToB A 1 B Haxonum

y., = Ae® + (Az + B)e® = (A + Az + B)e®, y.! = (2A+ Az + B)ée®,

II0CJIE Y€ro MOACTABJIAEM BBIPAXKEHUA IJIS Yq, Y., ¥ Y. B ucxomHoe mudde-
PEHLIYIaJIbHOE YpaBHEHME:

(2A + Az + B)e® — 7(A + Az + B)e® = 5xe”.

ITocne cokpaienusi obenx yactelt Ha e® u nMpupaBHNBaHUSA KO3 (PUINEHTOB
IIPH COOTBETCTBYIOWIMX CTEIIEHAX I B JIeBOH M mpaBolt 4acTH IIOJIYyYEHHOIO




[image: image30.png]paBeHCTBa InIpuxoouM K CHCTEME ypaBHeHnﬁ OTHOCHUTEJIbHO HEU3BECTHbIX A

u B: r: A—TA=5 _64=5
. €.
: 24+B-TA-7TB=0, = |-54—6B=0.
_ 5 25 5 25\ . ]
Orcioga A = 6,B 36,ayq—( 6m+36) . Tenneps B cujty Teope

mbl 2.6 obllee pemieHne NCXOQHOrO YPaBHEHHUsI UMeeT B

_ Tx 5 25
You = C1 + Cae +( 6$+36) @





Задания:

[image: image31.png]2.7.44. y" —3y' + 2y = 10e°. 2.7.45. y" —6y' +9y=2z%—-1+3.




[image: image32.png]2.7.51. y"+3y —4y = (z+1)e".




Пример 8.

[image: image33.png]Pemuts ypasuenue y" + 3y’ + 2y = (2x + 3) sinx + cosz.




Решение
[image: image34.png](Q Pemas xapakTepucTunueckoe ypaBHeHHE k2+3k+2 = 0, Haxonum k; = —1,
ky = —2, 0TKyda Yoo = Cre~% + C2e7%%. YacTHoe pellleHre HEOOHOPOIHOIO
ypaBHEHNs NIIEM B BUIE

Yy = (Az + B)sinz + (Cz + D) cos z.

Tak xak HemsBecTHble MHOro4sieHbol Pn(r) = Az + B n Qn(z) = Cxz + D
IOJDKHBI UMeTh cTeneHb N = max(m,n), rae m = 1 — cTeneHb MHOrO4JIeHa
Pi(r) = 2¢ + 3, n = 0 — crenens MHOrowiena Qo(z) = 1 (cm. cayqait 2a
Ha c. 97 npu v = 0; MbI cienuasbHO noMeHsyin mectamu P(z) u Q(x), 4TobObI
II0Ka3aTh, YTO 3TO HE BJIUAET Ha CTPYKTYPY Y«). Lasee

2 | ys = (Ar + B)sinz + (Cz + D) cos z,
3|y, =Asinz+ (Az + B)cosz + Ccosz — (Cz + D)sinc,
1|yl =2Acosz — (Az + B)sinz — 2Csinz — (Cz + D) cos z.

Tenepr npupaBHNBaeM K03(Q@PHULUUEHTHI IPH NOJOOHBIX 4YJIEHAX B JIEBOM H
IpaBolf YaCTsAX COOTBETCTBYIOIIErO YPaBHEHUS:

rsinz: 24-3C—-A=2 A-3C =2,
sinz: 2B+3A-3D - B -2C =3, N 3A+ B-2C -3D =3,
zcoszx: 2C0+3A-C =0, 34+ C =0,
W3 nepBoro u Tperhero ypaBHeHu#t Haxomum: A = %, C = —%. N3 BTOpPO-
ro ¥ 4YeTBEPTOro, C Y4eTOM MOJIyYeHHBbIX K03 duiueHToB, nMeeM: B = g—é,
D = —23—5. Takum o6pa3om,

(1, ,.21\. . _ (3., 3 —z ~22
yoﬂ—(5m+25)smm (5m+25)cosa:+Cle + Coe™“%. ®




Задания:

[image: image35.png]2.7.58. y" -7y + 6y =sinzx. 2.7.59. 2y" + 5y’ =29cosz.




[image: image36.png]2.7.65. y" + 25y = cos5z.




[image: image37.png]MeTtop Bapuauuu Npon3soNbHbLIX NOCTOAHHbIX
ANA onpegeneHnus 4YacTHOro pelleHun HeogHOPOoQHOro
YpaBHEHUA

B obmieM cityvyae, B TOM 4YHMCJIE TOrma, Korma nmpasas Yactb JIHILY umeer Bun,
He NpeAyCMOTPEHHBIH NMPENbIAYIMM IYHKTOM, OJIA OTHICKAHUS YACTHOrO PEIeHUs
HCIOJTB3YIOT MeMod 8apuayuy (T. €. UBMEHEHHA) NPOUIBOALHUL NOCTNOAHKKEL (KK
memod Jlaeparorca). CyTh ero B cienyromeM. Ilycrs yi1(z) u y2(x) — dbynmamesn-
TaJIbHAasA CUCTEeMa peueHuit omHoponuoro ypaBuenus (7.4). Torma yacTHoe pemenne
MOXHO NPENCTaBUTh B BHIE

y = Ci(z)y1 + Ca(z)y2,
rae dyuxuuu C1(z) u C2 HaxogaTca U3 cucreMbl gud¢epeHuraIbHBIX yYpPaBHEeHMH

Ciyr + Cay2 =0,
11 + Cayz = f(z).

Pasymeercsi, MeTon BapHalu¥ IMPOU3BOJIBHBIX ITOCTOAHHBIX MOXHO NPHMEHATh
U B cny4ae, Korja npasad yacTb JIHILY mMeeT Bua, pacCMOTPEHHBIH B TpeObI oy HIEM
IIYHKTeE.




Пример 9.

[image: image38.png]Pemmuth ypasuenne y"” — y




Решение:

[image: image39.png](Q Ob6mee pemenue ogHOpOmHOro ypaBHenus ¥’ — y' = 0 umeeT BUA Yoo =
T

—£&
V1 —e?®
03BOJIsIeT HallTH YaCTHOE pelleHre Yy, MeTOIOM noabopa (ujn HeompeeseH-

HBbIX KO3((PHUIMEHTOB), IO3TOMY BOCIIOJIb3yEMCsI METOAOM BapHalluyl IIPOU3-
BOJILHBIX ITOCTOSIHHBIX:

= C} + C2€”®. IIpaBas yacts f(x) = HEOJHOPOIHOI'O YPaBHEHNs HE

« = C1(z)yr + Ca(2)y2,

rie y1 = 1, y2 = €* — dyHmameHTaJIbHasA CUCTEMA pelleHUit OGHOPOIHO-
ro ypasuenus, a C)(r) u Ca(r) — peumenus cucrembl auddepeHnyaIbHbIX
ypaBHeHU

/ Clyo = Ci-1+C§-e"’=O,
Ciy1 + Cay2 =0, e S22

Ciyl + Ciys = f(2), Cr-0+G-ef = s

OTKYOa MOCJie UHTerpu-

T

e
VI—e¥

= arcsine® (KOHCTaHTYy WHTErpMpOBAHUSA

N3 Broporo ypaBuenusi HaxoguM Cg5 =

poBanus Cy(x) =

/m




[image: image40.png]poJiaraeM paBHOM Hysm0). VI3 mepBoro ypaBHeHus cucremsbl nosiyunMm C] =
2z
— —Che®* = ——E—— | r.e., unTerpupys,

V1 —e?®
2a:
/ 1= d:;m—\/l—e%.

TeMm caMbIM, YaCTHOE pellleHue UMeeT BUJI
« =C1(x) - 14+ Ca(x)e® = /1 — e2% + e” arcsin e”,

a oOllee penieHue

w=C1 +Cor + V1 — e2% 4 e* arcsine”®.




Задания:

[image: image41.png]2.7.79. y"' -2 +y=E.




	Записать необходимую информацию
Пример записать в тетрадь
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