Модуль: Теория функций комплексного переменного (M7)
Цель: Основные элементарные функции комплексного переменного, аналитические функции.
	Учебные элементы
	Содержание
	Учебные действия

	УЭ1
	Основные элементарные функции комплексного переменного
[image: image1.png]= Ilycts D — HekoTOpOE MOOAMHOXECTBO KoMiiekcHO#t miockoctu C. Komnaexc-
noti pynxyuet f(z) c obnacteio onpenesienuss D Ha3biBaeTcsi oToOOpaxkeHue, KOTO-
poe kKaxpaolt Touke z € D cTaBUT B COOTBETCTBME KOMILJIEKCHOE YMCJIO w = f(2). &€

Ecmu z = z 4+ 1y, w = u + tv, To MOXHO 3anucaTth f(z) B BUOe

f(2) = u(z,y) + iv(z, y),

rne u(z,y) = Re f(2) — neiicrBuresibHaa vacts f(2), v(z,y) = Im f(2) — MHUMasn
yactb f(2).

YxaxeM HEKOTOpbIE 3JIeMEeHTapHble (PYHKIIMH KOMILJIEKCHOrO MEepPEMEHHOrO:

i

e’ =cosz+isinz, z€R (popmyaa Staepa),

1z —1z 1z —iz
. e’ —e e“+e
sSin 2 = —22.—, COS 2 = —2—-, (1.1)
Z -2 Z —Z
e —e e +e
shz = —2—-, chz = ——2—,

Inz=In|z|+iargz (argz € (—m, 7)),
Lnz=In|z|+iArgz=In|z|+iargz+i-2rk=Inz+1i-27k (k € Z).

3amerum, 4To Ln z — MHOrosnauynas (pyHKOMs, KOTOpas KaxaoMy 4uciay z # 0
CTaBHT B COOTBETCTBHE OeCKOHEeYHOe MHOXeCcTBO 3Hayenuit {Ln z}.




Пример 1.

[image: image2.png]Hns nauso#t dyukuuu f(z) = u(z,y) + iv(z,y), roe z = ¢ + iy,
HaltTu DelCcTBUTE/IbHYIO YacTh u(T,y) U MHPIMyIO yacTb v(z, y):

a) f(z) = 2% 6) f(z) :

z’




Решение:

[image: image3.png]Q a) 22 = (z+iy)? = 22 +2z-iy+(iy)? = 22 +i-2zy—y? = (z2 —y?) +i-2zy,
T.e. u(z,y) = z? — y?; v(z,y) = 2zy.
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0) = === T Gzt e - Zazt

: T rvm -0 @-wetiw) PSP Pty

Y T
= Tt u(z,y) = —, v(T,y) = —.
2% + o2 (z,9) 2% + 32 (z,9) 2% + o2
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Пример 2.

[image: image4.png]Onpenesuts ¢pyukiuio f(z), roe z = = + iy, eciu Re f(2) = z u
Im f(z) = —y.




Решение:

[image: image5.png]Q Takkak z=z+iy,azZ=1z—iy, T0 z + Z = 2z, z — Z = 24y, OTKyIa
2+ 2z z2—2z Z—Z
5 Y= 5 = i (1.2)
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[image: image6.png]Z+Z . 2—2Z _2+Z z—-2Z

9 V9 T T2 T2

CriemoBaTesibHO, f(2) =z —iy = = Zz. Nrak,

f(2) = 2.





Пример 3.

[image: image7.png]Haiitu 3HaueHne pyHKINHN Z — % B TO4YKe 3 + 2i.




Решение:
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Задания:

[image: image9.png]s dannox pyrxyull natimu ux deticmeumenvhyro vacmos u(T,y) u MHUMYIO
yacmo v(T,y):

7.1.2. =z 7.1.3. iz
7.1.4. (2)2. 7.1.5. 22 —2z+1.




[image: image10.png]Onpedeaumsv dynxyuro f(z), 2de z = x + iy, no 3adannom Re f(2) = u(z,y)
uIm f(z) = v(z,y):
7.1.28. u=-y, v=ro. . 7.1.29. u=2z2-9?% v=_2zy.




[image: image11.png]Buwucaumsd 3navenus gynxyuu f(z) 6 mouxax zy, z3. B 3adavax 7.1.37-
7.1.88 omeem 3anucamov 6 noxaszameavHotl, mpuzoHomempueckot u aszeb-
pauyeckoti opmaz.

7.1.35. f(2)=2%2-2z+1, 2y = -2+ 3i, 20 =4 - 3i.

7.1.36. f(2) = % ~2% a=1-i,z=1




	Необходимую информацию записать в тетрадь
Решить задания, сдать на проверку.



	УЭ2
	Аналитические функции
[image: image12.png]IIycts pynkuua f(z) onpenesieHa B HEKOTOPOH OKPECTHOCTH TOYKM 29 KOM-

IIJIEKCHOH NJIOCKOCTH.

= Ipouseodnoti f'(z0) pyukuum f(z) B TOUKe 29 HA3HLIBAETCA MpeEs

Az) —
i L0 E8D = fe0) _ g

Az—0

€CJIN OH CymeCTBYET U KOHEYEH.

&

= Ecuan cymecrsyer npoussognasa f'(20), To dyukuua f(z) naswiBaerca dugge-

peryupyemoll B TOUKE 2p.

&




[image: image13.png]Muoxectso D Toyex pacmupenHo# xomiiexkcHo#t miockoctu C U {oo} Ha3bI-
BaeTca obaacmbro, eCim

1) mHoxecTBO D OTKPHITO, T. €. OJ1a Kaxao#t Touku, npuHaniexameit D, cyme-
CTBYET OKPECTHOCTb 3TOM TOYKM, IpuHaAIexkamaa D,

2) muHoxectBo D cBaA3HO, T.e. JoOble OBe TOYKM U3 D MOXKHO COEIVHUTH He-
NpepLIBHOK KpuBOil, BCe TOYKHN KOTOpOiHt npuHanaexar D.

= Oyukuua f(z) HasbBaeTCca anasumuyecxoli 6 obaacmu D, eciim ona nudde-
peHuupyeMa B Kaxnolt Touke arolt obsacTu. &E

Oyukuusa f(z) Ha3pIBAETCA aMmaaumuveckoll 8 mouxe zo, ecyin oHa nucgdgepeH-
nupyeMa B Kax ol TOUke HEKOTOpPOH OKpPECTHOCTH TOYKH 2p.




[image: image14.png]Teopema 7.1. [Ina Toro, 4ytobul pyHkumna f(z) = u(z,y) + iv(z,y) (z = = + iy)
6bina andpcdepeHunpyema B ToUke 2o = To + Yo, AOCTaTOHHO, 4TODLI
1) 4acTHbIE NPOU3BOAHbIE

Ou(z,y) Ou(z,y) Ov(zx,y) Ov(z,y)
oz '’ oy '’ oz '’ Oy



 [image: image15.png]CyLecTBOBaNMN U BbiNin HeNpepbiBHBI B HEKOTOPO OKPECTHOCTU TOYKM (Zo, Yo) (Kak
byHKUMN ABYX AEACTBUTENbLHBLIX NEPEMEHHLIX T U Y);
2) B Touke (Zo,yo) Obinn BoiNONHEHbI ycnosua Kowun-PumaHa

Ou(z,y) _ Ov(z,y) Ou(z,y)  Ov(z,y)

52 5y ' oy 52 (2.1)




[image: image16.png]3ameruMm, uTo ycsaosusa Komu—Pumana aBiaoTca HeobXoouMbIME nuia audpde-
peniupoBauua ¢pyHkuuu f(2) B TOUKE 2o = o + 1Yo-




[image: image17.png]B nmosiapubix koopauHarax (7, ) yciaosus Komu-Pumana 3anuceiBaioTcs ciie-
ayomuM obpa3om:

Ou(r,p) _ 10v(rp) Ou(rp) _ 10ulrny) (2.2)
or T 9y or T ooy |

Ecau cymecrByer npousBonHas f'(z), ToO ee MOXHO 3aIMCaTh OOHHUM U3 CJIEdY-
IOLIMX CIIOCODOB:

;Ov _Ov_.O0u_Ou_,0u_0v, .0v
F&) = st ios = oy "oy 0 ‘oy ~ oy Tios

(3:i22)
dp 'y

HJIN
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Пример 4.

[image: image18.png]HaliT TOYKM, B KOTOPBIX CYIIECTBYET NMPOU3BONHAsA (PYHKIIUM €7,
¥ BBIYHCJINTD 3Ty NPOU3BOOHYIO.




Решение:

Так как 
[image: image19.wmf]cossin

zxx

eeyiey

=+×

, то
[image: image20.png]u(z,y) = e®cosy, wv(z,y) =e"siny.
Haiinem 4dacTHble IPOU3BOMHBIE ?ﬁ, ?ﬁ, —B—Q, v , BBISICHUM, B OKPECTHO-
Oz’ Oy’ Oz’ Oy
CTAX KAKHUX TOYEK OHHU CYIIECTBYIOT U HENPEPBIBHEI, & TAKXKE B KAKUX TOYKAX
IIJIOCKOCTH BBINOJIHAIOTCA ycyoBusa Komu—Pumana (2.1):

g—z = aix(e“’ cosy)= e® cosy, g% = %(ex siny)= e’ cosy,

Ou _ Ov

e. 2 By IJ1s JIIOObIX JefiCTBUTENBHLIX T U Y, ¥ 3TU YaCTHbIE IIPON3BO/I-
T

Hble HenpephbIBHBI BO Beelt niockoctu R?; xpome Toro,

Bu 6 T o @_i T o3 — pT o
oy = by (e cosy)= —e®siny, 5 = B2 (e® siny)=e®siny,

Ou _ _Ov

T. €. 5 — "oz IIJIs1- JIIOOBIX OefiCTBUTEJIbHBIX & M Y, U 9TH YaCTHbIE HPOU3-
Y T

BOIHBIE HeNpepbIBHBI BO Beeil myockoctn R2.
Tak kak ycsoBusi Komu—Pumana (2.1) BeinosiHsiiorca aJist J1o6o#t mapsr

Ou Ou Ov Ov

IeACTBUTEJIbHBIX YHCeN (Z,Y), ¥ YACTHBIE IPOU3BOOHbBIE —— 7= Cy-

oz’ Oy’ 8z’ Dy

IECTBYIOT ¥ HENPEPBIBHBI B OKPECTHOCTH JII0OOH TOYKM (Z,Yy), TO IPOU3BOA-
Has f'(z) cymecTByer B J1000# TOUKe z = T + 1y KOMILIeKCHOM nyockoctu C.
Haiinem 3Ty npon3BoOHYyIO:

fl(2) = 6u — + zc’)v =e"cosy+1i-e’siny =e*(cosy +isiny) = e°.




Пример 5.

[image: image21.png]HaiiTu MHOXeCTBO TOYeK, B KOTOpbIX PpyHKuuA v(T,y) = 22y — 3
yaoBJjierBopser ycaoBuio Av = 0. OnpenesuTh, CylieCTBYeT JIU
aHAJIMTUYeCKas B HeKOTopoii obnactu D dyukuus f(z) (z=z+1y),
151 Kotopo#i Im f = v. Ecsm takas dynkiusa f(z) cymecTByer, TO
HalTHu ee.




Решение:

[image: image22.png](Q 1. Haitnem uacTHbIe IPOU3BOIHbIE:

B _ gy v _gy Ou_o O _

c’)m_y’ay_ 6m2=’6y2_




[image: image23.png]CrnienoBaTenbHO,

0%v . 0%v
Ap=90 , 0v_g
VT 522 T 9y




[image: image24.png]o1 1060t napel NeiCTBUTE/IbHBIX YHUCEJ T U Y, T.e. pyHKuusa v(T,y) ABs-
eTCs1 TapMOHMYECKO# Bo Bcelt mmockocTu R? . 3HauuT, CylecTByeT Takas aHa-
JIUTHYecKas BO Bcelt kommekcHo# nmitockoct C dyukuusa f(z), uyro

f(z) = f(z +1y) = u(z,y) + iv(z,y).

2. Haiimem peiictBuTesnbHy10 YacTth u(x,y). IlepBoe u3 ycnosuit Komm—

Pumana (2.1) naer paBeHCTBO -g—% = g—z = 2I, U3 KOTOPOro BO3MOXHO OIIpe-

oeuTh PYHKIHUIO u(Z,y) C TOYHOCTHIO OO CjiaraeMoro ¢(y) — PyHKIHUH, 3a-
BUCAIIEH TOJIKO OT § M He 3aBHCHAIleH OT I, — CJIENyIomuM 00pa3oM:

u(z,y) =/g—zdw+<p(y) =/2wdw+so(y) = z% + o(y).

Taxk Kak 1o BTopoMy u3 ycJioBu#t (2.1) BbINOJIHSAETCA PABEHCTBO -g—;f = — g—z =
= —2y, TO
’ Ou(z, y)
oy 3%(932 +¢(y)) = -2y,
T. €. a a

2 (@) + Z(ow) =0+¢'w) = 2.
N3 nmocyiensero paBeHCTBa MMeeEM:
o) = [(-2y)dy = —y* +C,
raoe C = const, C € R. 3naunt, u(z,y) = 22 — y? + C, 0TKyaa OKOHYATEJIHLHO

f(2) = f(z +iy) = u(z,y) +iv(z,y) = (2> —y> + C) +i(2zy — 3) =
=(z® -y’ +i-22y)+C—-3i=(z+iy)>+C-3i=22+C—-3i. @




Задания:
[image: image25.png]Lasn dannoti pynxyuu f(z) yxasamo mouxu, 8 XKomopwx cywecmseyem npo-
u3eodnas f'(z), u Hatimu nPou3eodHY0 8 IMUT MOUKAT:

7.2.5. f(z)= 7.2.6. f(z)=2z+2.
7.2.7. f(z) =122 -32+1. 7.2.8. f(z) =zRez.




[image: image26.png]Hatimu mnodcecmeo movex, 8 Komopwx pyrkyus u(z,y) (uau v(z,y)) s6aa-
emca 2apmonuveckoti. Buschums, cywecmeyem Au aHGAUMUYECKAR 6 HEKO-
mopoti obaacmu D dynxyua f(z) (z = = + iy), dan xomopoti Re f = u (co-
omeemcmeenno Im f = v). FEcau maxas dpynxyus f(z) cywecmeyem, mo
natimu ee.

7.2.20. u(z,y) ==z. 7.2.21. v(z,y) =y* -2 - 2.
7.2.22. v(z,y) = —,,—1,. 7.2.23. v(z,y) = 3zy® — 23 + Ty.





	Необходимую информацию записать в тетрадь

Решить задания, сдать на проверку.
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