Модуль: Функция нескольких переменных  (М12)
Цель: научиться вычислять производные от функции нескольких переменных.
	Учебные элементы
	Содержание
	Учебные действия

	УЭ1
	[image: image1.png]Onpepenenune pyHKUMN HECKONTLKUX NEpEeMEHHbIX

=3 Ilepemennass z Ha3bIBaeTCca Ppynxyueti 08YT NEpemMeHHbur T U Y,
ecJi KaxkJo#t ynopsimodyeHHo mape (z;y) 3HaYeHUM OBYyX HE3aBU-
CUMBIX IPYr OT OPYyra NEepeMEHHbIX BEJINYUH T M § U3 HEKOTOpPOil
obaactu D C R? coorBercTByeT eqMHCTBEHHOE YUCJIO 2.

O6o3nauenus: z = f(z;y), z = F(z;y), 2 = 2(z;y) u Tak naJiee.

= IlepemenHas BeTMunHa, 4 Ha3bIBaeTCA Gynxyuetl OT N IepEMEHHBIX
T;Y;2;...;t, €cJIM KaXIOMy HabOpy 3TUX IEPEMEHHBIX COOTBET-
CTByeT €IMHCTBEHHOE 3HaYeHue epeMeHHol u: u = f(x;y; z;...;t).




[image: image2.png]MuoxectBo D Bcex Touyek (x;y), mpu KOTOpLIX z = f(x;y) ume-
eT CMBICJI, Ha3bIBAETCA 0b.aacmbio onpedeseHus, a MHOXKECTBO 3Ha-
yenuit z, npuHumaembix ¢pyukimeit z = f(z;y) npu (z;y) € D,
Ha3bIBAETCSI 004ACMBI0 USMEHEHUSA UIH MHONCECTNBOM 3HaAMeHUl

dbyukIINM.




[image: image3.png]papuk pyHkunn asyx nepemeHHsbix. JInHUKM ypoBHA

= MHox)ecTBO To4Yek mpocrpancTBa R® ¢ xoopomuaramu (z;y;2z) =
= (z;y; f(x,y)) npu Bcex (z;y) € D naspiBaerca zpagduxom Pymx-

yuu z = f(z;y).
1A HarIsAOHOTO reoMeTPUYeCKOro NpencTaBJIeHUsl UCMOJIb3YIOT AUHUY

YpoeHa N7 PYHKIUY OBYX EPEMEHHBIX H MOGEPTHOCNU YPOSHA IJIA PYHK-
MK TPEX ITePEMEHHBIX.




[image: image4.png]Jlunueti ypoensa byukuuu z = f(x;y) HA3BIBAETCA MHOXECTBO BCEX
To4eK nJIockocTu Ozy, B KOTOPbIX JyHKIUA 2 NPUHUMAET IIOCTO-
sIHHOEe 3Ha4YeHue, T.e. f(z;y) = ¢, roe ¢ — NOCTOsIHHAA.

IToseprrocmovio yposns GYHKIUHU Tpex MepeMeHHbIX u = f(z;y; 2)
Ha3bIBAETCsI MHOXKECTBO BCeX Todek mpocrpaHcTtBa Oryz, B KOTO-
PBIX QYHKINA U IPUHUMAET IOCTOAHHOE 3Ha4YeHue, T.e. f(T;y;2z) =
= ¢, rae ¢ = const.




Пример 1.
[image: image5.png]Haiitu obsacts onpenenenus ynkumu z = In(z?—y?—R?), R > 0,
a TaKxe MOCTPOUTh HEKOTOPbIE JIMHUY YPOBHSA [JIs1 5TOH DYHKIINH.




Решение:
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(Q Ob6uiacts ompenesienus 3Toit GYHKIMK XapaKkTepu3yeTcs Hepa-

BeHCTBOM Z° — y? > R?. OHa orpanuyeHa runep6osoil ¢ ypaBHEHH-
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eM %2‘ — %; = 1 ¢ acumnToTaMu y = =z, nojiyocamMu @ = b = R
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[image: image8.png]OnpepgeneHune 4acTHbIX NPOU3BOAHbIX

PaccMoTpuM dyHKIMIO IByX nepeMeHHbiXx 2 = f(x;y), onpeneseHHyo u
HenpepbIBHY IO B HeKOoTOpoit obstactu D. CuntaeM, YTO TOYKM C KOOPAMHATAMU
(z;9), (z+ Az;y), (z;y+ Ay), (z + Az;y + Ay), roe Az, Ay — npupainenus
apryMeEHTOB, TaKxKe nmpuHaaaexar obsgactu D.

= Qacmuoimu npupawerusmu yHkuun 2 = f(x;y) 10 HE3ABUCUMBIM
HEepeMEHHbIM I ¥ Y Ha3bIBalOTCA pasHocTH Azz = f(x + Azx;y) —

— f(z;y), Ayz = f(z;y + Ay) — f(z;y).

= Ioanwm npupaweruem byukuun 2 = f(z;y), COOTBETCTBYIOMIMUM
npupaleHnsiM apryMeHToB Az u Ay, HA3bIBAETCs Pa3HOCTh

Az = f(z + Az;y + Ay) — f(z;y).
3ameTuM, 4To B 00meM ciy4dae Az # Azz + Ayz.

= Yacmnoti npouseodroti pyukuuun z = f(x;y) 1m0 MEpeMEHHbIM T
M § HA3bIBAETCA IPEIes OTHOUIEHUS COOTBETCTBYIOIIErO YACTHOTO
npupamesus Agzz nid Ayz K IpUpalleHuio JaHHOR nmepeMeHHOH,
IpY YCJIOBHUM, YTO NMPUPAINEHNE NIEPEMEHHON CTPEMUTCS K HYJIIO:

, . Agz ) . Ayz

z., = lim z, = lim )
T oAzs0 Az’ Y Ay—o Ay
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N IIpunaTel Takxke o0O3HauYeHUA: 2z, 9z’ 91’ Oz (25 9), 9z % Ba:f ;
32 (z;y) (amayiormyHo MO Opyrok nmepeMeHHOMH).




Пример 2.
[image: image10.png]HalTu yacTHble npon3BoOHbIE QYHKIUN 2 = 3—733 + 'yg —
T
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Решение:

[image: image11.png](Q YacTHble npousBogHble PYHKIMKM OBYX M O0Jlee mepeMeHHBIX
ONPENEISAIOTCA MO TeM ke (dpopMyJiaM M IPaBUJIAM, YTO U (PYHK-
1y ogHo#t nepemenuoi. Cnenyer IOMHATH TOJIBKO OOHO MPAaBHUJIO:
ecJii 110 ogHoi mepemenHoit nuddpepeHupyeM, TO OCTaJIbHbIE CUN-
TAITCA NOCTOAHHBIMHU.
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Задания.

[image: image12.png]Hatimu wacmnvie npoussodnvie daHHuir Gynxyutl:
11.3.11. z=¢€* +V", 11.3.12. u =tsin’ 2.

11.3.13. v =z*cos?y — y*sin®z®. 11.3.14. 2 = 22 cos2zy—y? sin(z+y).

11.3.15. u =2z¥ + (zy)? + z%Y.
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	Записать необходимую информацию
Примеры записать в тетрадь
Записать необходимую информацию
Примеры записать в тетрадь

Решить задания, проверить ответы.









PAGE  
1

