Модуль: Дифференцирование сложных и неявных функций. Касательная и нормаль к поверхности   (М13)
Цель: научиться вычислять производные сложных и функций, заданных неявным образом.
	Учебные элементы
	Содержание
	Учебные действия

	УЭ1
	Дифференцирование сложной функции
[image: image1.png]Cny4aii ogHolA He3aBUCUMOW NnepeMeHHOMN

[TpenmosioxumMm, 4to z = f(x;y) — ouddepenuupyemass PyHKIUSA ABYX
IIEPEMEHHBIX & ¥ Y B HEKOTOpOi obsiactu D, a apryMeHThl T U Y SABJIAIOTCA
nuddeperimpyeMbiMu QYHKIUIMUA HEKOTOPOU mepeMeHHoi ¢, T.e. £ = x(t),
y = y(t). Torma z = flz(t);y(t)] = p(t) — byskMaA onHOM nepemenHoii .

Teopema 11.9. Nmeer mecTo paseHCTBO
,_dz _dp Ozdz  Ozdy

T @ T dt dzdt  oydt

Ecnun t coBnapaer ¢ ogHUM N3 apryMeHToOB, CKa)keM, t = x, TO

d: _ 0z
dr Ox

dz

v dr Ha3biBAaeTCA MNOJIHON NPON3BOAHON PYHKUUMN Z NO Z.





[image: image2.png]Cny4ai Heckonbknx He3aBUCUMbIX NEepPeMeHHbIX

Ecim aprymenTsl £ u y yHkuuu z = f(x;y) ABAAIOTCA QYHKIUAMU
OBYX IIepEeMEeHHbIX, CKaxeM, T = z(u;v), y = y(u;v), T0 z = flr(u;v); y(u; v)]
TaKXe ABJIAETCA pyHKIUel OByX NepeMeHHbIX U U .

Teopema 11.10. Myctb 2z = f(z;y), © = z(u;v), ¥y = y(u;v) — andde-
peHuunpyemble PyHKuUnK cBonx arpymeHToB. imeloT mecto popmynbi

0z O0z0zx azggi 0z 0z0zx 3z@

du_ Ozdu  Oyou = Bu dzxov  Byodv

CrpykTypa 3Tux popMyn coxpaHaeTca u npu bosbwem Yncne nepeMeHHbIXx.





Пример 1.
[image: image3.png]Haittu Z—‘:, ecit z = x° + 2zy — y3, u ¢ = cos2t, y = arctgt.




Решение:

[image: image4.png](9 HenocpencrBennasi NONCTAaHOBKA OYEBHAHO He YIIPOMIAET
dbyukumo z. leiictByem corsiacHo Teopeme 11.9.

z 0z dx , d 1
= =brt42y, = =20-3?, = =-2sin2, —=_—.
oz Oy dt dt 1+t
B pe3ysbTaTe MOXHO KaK COXPAHHUTb IEepEMEHHblEe T M ¥, TaK W
3aMEHHUTb UX 4yepe3 t (B 3aBUCHMOCTH OT TOro, 4To npomie). OTseT
OCTaBHM B TaKOM BHIE:

d_z = —2(5z* 4+ 2y) sin 2t + (2z — 3y?)

o
dt

1+t2




[image: image5.png]AundcddeperHymnan cnoxHoit pyHkynn

Ouddepennman caoxuoit pyukuum z = z(r;y), roe = = z(u;v), y =
= y(u; v), MOXHO NOJIy4YUTh, ecjiu B popmyJe nuddepennmaa
0z 0z

dz = 5odo+ o dy

_ Oz g4, . Oz — 9Y g, 1 9y
3aMEHUTDb dT = Su du + 50 dvudy = Do du + 30 dv.




Пример 2.
[image: image6.png]2
Haittu nuddepernnuan bysxkmum z= %, ecau T=u—2v, y=2u+v.




Решение:

[image: image7.png][Mockonsky dz = ££dzx + d , TO HalimeM BCe 9TH BEJIUYUHBI.
y 3— Y

ox  y’ Oy ¥’
ozx or
dx 8_d +6—dv—du—2dv, dy =

Iloncrasnisiem B dz:

diu + @dv = 2du + dv.
Ou ov

T '’
dz = 2§(du — 2dv) — —(2du + dv).
Y

IToncTraBuM BhIpaXKeHNs OJIs £ ¥ Y U IIePEerpyNIIUpPyeM 4JIeHbl, BbI-
IeJigsi MHOXHUTe U npu du u dv:

L= ;u_+23)d" N (4 T ;u_+23)dv] =
u—2v

—~ W[Z(u +3v)du — (Yu + 2v)dv]. @
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	УЭ3
	[image: image8.png]HessHaa cpyHkumna ogHoA nepemeHHOMN

Oyukuya y = y(x) Ha3bIBaeTCA HEABHOR (yHKIIMEH, ec/in OHa Openesis-
ercs ypaBuenueM F'(z;y) = 0, Hepa3peueHHbIM OTHOCUTEJIBHO Y.
ITO 3HAYUT, YTO MPHU KaXKIOM 3HAUYEHUH Tg, IPU KOTOPOM HesiBHAsA (PYyHK-

IIUsA OIIpeneJsiIeHa, OHA MNpPUHUMAET EIWHCTBEHHOe 3Ha4yeHue Yo TaK, 4YTO
F (330; yo) = 0.

Teopema 11.11. Ecnun F(z;y) — anddepeHunpyemas pyHKUNA NepeMeH-
HbIX T 1 Y B HeKoTOpo# obnactu D wn F, (z;y) #0, 10 ypasnenne F(z;y)=0
onpepenseT OQHO3HAYHO HeABHYIO yHKUMIO Y(x), Takxke anddepeHumnpy-
EMYIO, U €e NPON3BOAHAA HaXoaUTCA No dopmyne

r d_y _ F:,':(a:;y)

y = = — .
dz  Fy(z;y)

B yactHoCTM®,
F,(z0;Y0)

!/
To) = — :
Y (Z0) = = Fr s o)





[image: image9.png]HessHaa pyHkyna aBYyX nepemeHHbIX

®Oyukuua z = z(T;y) Ha3bIBAETCA HeABHOI pYHKIIMEH NEepEMEHHBIX T U ¥,
ecJIn OHa ompenesiserca ypaBHenneM F(z;y;z) = 0, Hepa3peleHHbIM OTHO-
CUTEJIBHO 2.

Teopema 11.12. Ecnn dyHkuna F(z;y;z) anddepeHunpyema no nepe-
MEHHBIM I, Y, 2 B HEKOTOPOW NpOoCcTpaHCcTBeHHOMN obnactn D n F(x;y; z) #0,
TO ypaBHeHue F'(z;y; z) = 0 onpepenseT oaHO3HAYHYIO HEABHYIO (byHKUMIO

z(x;y), Takxe anddepeHUnpyemyto un

0z  F,(z;y;2) 0Oz F;(x;y;z)

8z~  Fl(z;y;2)) 0y Fizmysz)





Пример 3.

[image: image10.png]YpasHenue ¢ nByMs nepemensbimu 2z2 — 3y? + 5zy — y3z +z° = 37
nMeet peurenue (Zo;yo) = (2; —3). Onpenenser s 3T0 ypaBHEHUE
HEesABHYI0 (PYHKIMIO ¥ = y(Z) B OKPECTHOCTH TOYKH T = 2 U €CJId
na, To Haiitu y'(x) u y'(2).




Решение:

[image: image11.png](Q O6oznaunm F(z;y) = 222 — 3y? + 5zy — y3z + x° — 37. Umeem
F(2;-3) =0, F, = =6y + 5z — 3y*z, F, = 4z + 5y — y° + 5z,
F;(2;-3) = 100, F,(2;-3) = —26. YcyoBue F,(xo;yo0) # O obec-
IIEYNBAET CyIIeCTBOBaHME HeABHON dyHkumm y = y(x), nuddepen-
LMPYeMOil B HEKOTOPOI OKPECTHOCTH TOYKH To = 2 U
J(z) = _Fa’;(:c,y) _ 4z +5y— y® + 53:4.
F,(z,y) 6y — 5 + 3y°x

B gactrocTH, ' (2) = 100 _ 50

260 137





	Записать необходимую информацию
Примеры записать в тетрадь



	УЭ2
	[image: image12.png]KacarensHasa naockoCTbL 1 HOPMab K NOBEPXHOCTN

[Tycts Py(xo; Yo; 20) PUKCHpOBaHHAA TOYKA Ha noBepxHOCTH I, 3amanHON
dyukumeit z = f(x;y) wim ypasuenueMm F(z;y;z) = 0.

= Kacameavroti naockocmvio Kk I' B Touke P, Ha3piBaeTcsa IJIOC-
KOCTb {, Mpoxonsiuas 4epe3 To4Ky Py m Taxkas, 4TO yros Mexny
3TOIl MJIOCKOCTHIO U ceKyllel, npoxonameit yuepes Py u s1obyo To4-
Ky P noBepxHoctu I', ctpeMutrca k Hymo, koroa P crpemurca K
Py Boons I'. Hopmaavro Ha3bIBAETCA NIPAMAas 1, IPOXOIIIAA YEpE3
Py nepnennukyssapHo t.

W3 onpenenenus t u n cienyer, YTO HOPMAJIbHBI BEKTOpP KacaTeJIbHOM
IIJIOCKOCTH ¢ ¥ HaIpaBJIAIOUIUI BEKTOP NPAMOIl 1 COBNagaloT.

YpaBHeHusA t 1 N UMEIOT BUL:

a) eciu I' 3amana aBHO dyukuueit z = f(zx;y), To:

(t) 1 z— 20 = z;(0; Y0)(T — o) + z;(:co;yo)(y ~ Yo),

(n): I — T — — Yo :Z—ZQ.
2z, (To; o) zy(xo;yo) -1

6) ecoiu I' 3amana ypaBuenunem F'(z;y;2) = 0, To:
(t) :  Fy(Zo;Yo; 20)(x—To) + F,(To; Yo; 20) (¥ —yo) + F,(Zo; Yo; 20) (2 — 20) =0,

(n): —L=% __— _ Y~V __ __2-2 .

Fo(zo;%0;20)  Fy(Zo;y0520)  F,(Zo;Yo; 20)




Пример 4.

[image: image13.png]CocTaBUTh ypaBHEHHME KAaCaTeJbHOH IIJIOCKOCTH M HODMaJld K
MOBEpXHOCTH 2 = z(x;y), ONpeIeseHHO#i HEeABHO ypaBHEHUEM
x? + 3y? — 422 = 15 B Touke Py(2;—3;2).




Решение:
[image: image14.png]Q O6voaHath
F(z;y;2) = z° + 3y° — 42° — 15.

Umeem F(2;-3;2) =0,

F] =2z, F, = 6y, F, = -8z,

F,(2,-3;2) =4, F,(2;-3;2)=-18, F,(2;-3;2) = -16.
B kauecTBe HOPMAJILHOTO BEKTOPA IJIOCKOCTH ¢ MOXKHO 6parh N =
= (2;-9; —8). Torma

(t): 2(x-2)—9(y+3)—-8(z-2)=0,
T.€. 2 — 9y — 82 — 15 =0.

.o z—2_y+3 _z-2
): H5==""9="=%"





Задания.

[image: image15.png]Has dannwiz z = f(z;y), £ = z(u;v), y = y(u; v) Hattmu gz g% udz:

11.4.14. z=2z3+y3, rmez =uv, y = %

11.4.15. z2=+\/z2—-y2, rnec =u", y =ulnw.

11.4.16. z =coszy, roe x = ue?, y = vinu.
11.4.17. z = arctgzy, roe £ = Vu2 +v2, y = u — v.




[image: image16.png]Hatimu npousseodnvie y’(:c) HEABHHIT PYHKYUT, 3a0AHHBT YPAGHEHUAMU.
11.4.22. ze®¥ —ylnz = 8. 11.4.23. e¥ 4+ 9z%e~Y — 26z = 0.
11.4.24. In Y 3322+ y? — arctg y 11.4.25. z°lny —y?’Inz =0.

T
11.4.26. 1+ zy —In(e®™¥ +e7%¥) = 0.




[image: image17.png]Cocmasumdv ypasnenue xacameavHoti npamoti u Hopmaau x xKpueoti y = y(x),
3adannotli ypasrenuem F(z;y) = 0 6 mouxe Mo(xo;yo):

11.4.28. 23y —y3z =6, Mo(2;1).
11.4.29. z%y? —z* —y? +13 =0, Mo(2;1).




	Записать необходимую информацию
Пример записать в тетрадь
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	УЭ4
	[image: image18.png]Boruncoauts npubmmkenso 1,073:97,

(Q Yucno 1,073°7 ectb yacTHOe 3Hauenue dynkuun f(z;y) = z¥
npu z = 1,07, y = 3,97. UsBectHo, yro f(1;4) = 1. I[TosTomy npu-
HuMaeM Tg = 1, yo = 4. Torma Az =2 — 29 = 0,07, Ay =y —yo =
= —0,03. 3sauenne f(r + Az;y + Ay) BBHIYUCIMM IIPH IOMOIIU
dopmyssl uneapusanuu: f(xo;yo) + df (zo; yo). Umeem:

fo=yz¥™Y, f,=2zYInz, [f.(1;4)=4, f,(1;4)=0,
df (1;4) =4-0,07+0-(-0,03) = 0,28.
Takum obpasom, 1,07397 ~ 1+ 0,28 = 1,28.





[image: image19.png]Buvucaums npubaudicenho:

11.3.19. 1,04293, 11.3.20. /(1,04)2 + (3,01)2.

11.3.21. sin 28° - cos61°.




	Пример записать в тетрадь

Решить, сдать на проверку.
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