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[image: image1.png]OnpepeneHne npoussogHO NO HanpasieHUIO

YacTHble MpoON3BOIHbIE gg | %yt MPEICTABJIAIOT COOOH IMPOM3BOOHBIE OT

dyskunn z = f(x;y) no aByM yacTHbIM HampassienusM ocei Oz u Oy.
[Iycts z = f(x;y) — muddepenmmpyemas GyHKIUs B HEKOTOPOH 06J1a-
cru D, M(zo;y0) € D. Ilycts | — HekoTOpoe HampaBjleHHe (BEKTOp C Ha-
yaJjioM B Touke Mp), a € = (cosa;sina) — opT aToro HamnpasJjienus. [Iycrb
M(zo + Az;yo + Ay) — Touka B HanmpasJsienuu | ot My. O6o3HaunM Ap =

= \/Az? + Ay?. Torna ﬁ—ﬁ = Cos a, %% = sina.



[image: image2.png]Taxum obpazom,

6f gcosa+ —isma

ol ~ 8z Oy




Пример 1.
[image: image3.png]Haittu npomssonuyo dyukuun z = f(z;y) = 3z2 + 5y B Touke
A(1; —1) no HanpasJsieHnio K Touyke B(2;1).




Решение:
[image: image4.png]Q Hmeem AB =1=(2-1;14+1) = (1;2), |l| =5, cosa = %,

sina = —\% Torma e = (—\}= ) — oprt Hanpassienus l. aJee,

nmeeMz—sz—lOy :'L.l )=6z(1'—1)=—IOa
10-2 _

\/— = \/— OTpunaTeIbHOCTD ‘?97

O3HAYAET, q'ro d)yHKunﬁ B TOM HalpaBJIeHNH yObIBaeT. [

0z
SHAYHT ‘57 l





[image: image5.png]papuenT

I'panuentom ¢yHkumn z = f(x;y) (CKaJApHOro moJis) Ha3bIBAETCS BEK-

—
TOP C KOOpPJNMHATAMH %, %5 Ob6o3nauenne grad z = (%g, %5)

Teopema 11.16. ImeeT MecTO paBeHCTBO 3% = gradz €, T.€. NpoON3BOA-

HaA NO HanpaBneHWo | paBHa CKaNApHOMY NPOU3BEAEHUNIO BEKTOPOB rpaan-
€HTa W OpTa HanpasneHus [.

—
Caedcmeue. BexTop grad 2 B kaxkmoit ToO4uke HaIlpaBJieH 10 HOPMAaJIU K JIMHUHA
YPOBHs, IPOXOAsiiel yepes NaHHYI0 TOYKY B CTOPOHY BO3pacTaHUs DYHKIUH.

IIpu aToM 57 T
52) +(@) -

or
Teopema 11.17. CkopocTb namereHuns pyHkummn f no HEKOTOPOMY Hanpa-
BNeHnio | paBHa NpoeKkuMW BEKTOpa MPagveHTa Ha 3TO HanpaBfeHue, T.e.

of . — | _
H{llajxﬁ |gradz|— (





Пример 2.
[image: image6.png]Hanel ysxkuma z = ¢ + 3y® — zy, Touka A(1;1) u BekTOp @ =
= (—5;12). Haittu

—
a) grad z(A);
0) nNpoM3BOOHYIO B TOYKE A MO HAIPABJIEHUIO G.




Решение:

[image: image7.png](j a;,) Vmeem zi = 2z — vy, z;-= 9y —z, =2(1;1) = 1,
—
z,(1;1) = 8, 3naunr, grad z(1;1) = (1;8).
6) Haiinem HanpaBJisfomue KOCMHYChl BeKTOpa a@, |a| = 13,

cosa=—1—53-, sinaz%. CnenoBareJibHO, %z—l-i+8-g—7.

MakcuMmasibHass npouwsBomHass B Touke A(l;1) paBHa

—
|srad z(1;1)| = V12 + 8% = /65, a no HanpaBJIeHNIO @ BeJIMIH-
Ha POM3BONHON paBHa 7. ®





Задания:

[image: image8.png]11.6.3. Haittu HanpaBjieHNe MaKCHMMaJILHOTO pocTa ByHKINHM 2 = 3T° +
+ zy—2y? B Touke A(2;1). Haiitu Tax:xe HanboJibInee n3 3HaYEHMH
IIPOU3BOAHBIX 10 Pa3HLIM HAIpPaBJIEHUSM B TOouke A.




[image: image9.png]11.6.7. Haiitn sanbosipmnit poct (HAaNOOJIBIIYIO KPYTH3HY) MOBEPXHOCTH
z = zy B TouKe (4;2).

11.6.8. Haiitn npoussomuyio byukumu z = In(e® + e¥) B HampaBJIeHUH
napaJjiJieJIbHOM OMCCEKTpHCE KOOPAMHATHOrO YIJIA.




[image: image10.png]11.6.10. Haiitu rpaguent GyHKuuu u = :132 + y? + 22 u ee MPON3BOTHYIO B
touke A(1;1;1) B HanpaBsiennn | = (cos45°, cos 60°, cos 60°). Io-
CTPOHUTD NTOBEPXHOCTDb yPOBHSA 4epe3 A.
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[image: image11.png]OnpepeneHune 3kcTpemyma cbyHKUMN ABYX NepeMeHHbIX
B TOuYKe

PaccmorpuM dbyukuuio z = f(r;y) OByX nmepeMeHHbIX, ONpPeIe/IeHHYIO B
HEeKOTOopoit obsiactu D.

= ®yuxumsa f(r;y) umeer CTporuit noxasvHuili Maxcumym (MuHU-
mym) B Touke Mo(xo;yo), ecam HepaBeHCTBO f(Zo;yo) > f(z;y)
(f(zo;y0) < f(z;y)) umeer MecTo Bo Beex Toukax M (z;y) # Mo
M3 HEKOTOPOH JOCTATOYHO MaJIO# OKPECTHOCTU TOYKH M.

Bomnpoc onpenesieHns 3KkCTpeMyMoB (MaKCMMYMOB HJIM MUHAMYMOB) B He-
KOTOPBIX CJIy4asxX pemaercs npocto, ecau f(x;y) nuddepenuupyemas QyHK-
IIis1 B OKPECTHOCTH TOYEK IKCTPEMyMa.




[image: image12.png]Teopema 11.18 (Heobxopumbie ycnosus akcrpemyma). Ecnun  f(z;y)
ancddepeHumpyeMa B Touke (To;Yo) U UMEET IKCTPEMYM B ITON TOYKE, TO
ee andpdepeHumnan paseH HyNo:

f:::(manO) - Oa
fy(zo;y0) = 0.

df (zo;y0) = 0 < {





[image: image13.png]Touka (To;yo) HaA3BIBAETCS cmayuohaphoti TOYKOH dyHKIMH
f(z;y), ecu df (Zo; Y0) = 0.




[image: image14.png]IIycts (zo;yo) — craumonapHas Touka ynkuun f(z;y). O6o3HAYUNM
A= & f (zo; yo) B = 0 f (zo; o) C = 0° f (z0; o)
oz2 Ozdy ° 8y?

Teopema 11.19 (gocraToyHble yCNnoBus 3KCTpemMyma).
1. Ecom AC — B2>0un A <0, 10 (Zo; Yo) — TOHYKA MaKCUMyMa.
2. Ecrm AC— B2 >0u A >0, 70 (To;yo) — TO4Ka MUHUMYMa.

3. Ecnu AC — B? < 0, 10 (Zo; o) He ABNAETCA TOHKON IKCTPEMYMa.
4. Ecnm AC — B? = 0, To Touka Mo(zo; yo) MOXET Kak BbiTb, TaK 1 He BbiTb
TOYKOW IKCTpeMyMa, NO3TOMY TpebyeTca AONONHNTENbHOE UCCNIEAOBaHME.





Пример 3.

[image: image15.png]Uccnenosars Ha skcTpeMyM byHkmumio f(z;y) = 4xy+24zy+y? +
+ 32y — 6.




Решение:

[image: image16.png](Q O6aacts onpenenenns D(f) — Bca mnockoets Oxy, f(x;y) —
nuddepennupyeMa B kax ok touke M (z;y) € D(f).

1. OnpeneniuM CTalMOHAPDHBIE TOYKH (IIPUMEHHM TEOPEMY
11.18).

of _ _
og = 57y 2 =0, y(z +3) =0,
%i=4$2+24$+2y+32=0 222 + 12z + y + 16 = 0.
Y

OTrcrona

y=0: 22 +6x+8=0 = z; = -4, 1 = -2,




[image: image17.png][Tonyunsm Tpu cranuoHapHble Touku: M;(—4;0), Ms(—2;0),
M3(—3; 2).

2. 9TH TOYKHU UCCJIEAyeM COIJIacHO Teopeme 11.19 Ha mocTaTou-

HOCTb ycJioBui a3kcTpeMyMma. CHavasia onpeneiuM OTIeJIbHO

0? 0? 0?

a—m‘; = 8y, Bméfy = 8z + 24, a—y‘g = 2.
A Tenepp mJ1a KaX0#h TOYKM BBIYMCJIMM COOTBETCTBYIOWIHE (CM.
Teopemy 11.19) A, B, C, onpenesnum 35aku pesmuud A = AC — B2
n A.

a) Ml(—4; 0) Al =0, Bl =—32+24=—8, Cl =2, A101 —B%Z
= —64 < 0, T.e. M1(—4;0) He ABNAETCA TOUKON SKCTPEMYMA.

6) Mz(—z;O): As=0, Bo=-16+24=8, Cy=2, AzCz—B§<O,
T.€. M5(—2;0) He ABAAETCA TOYKOM SKCTpEMYyMA.

B) M3(—3;2): A3 =16, B3 =0, C3 =2, A3C3 — B2 =32 > 0.
ITpu sTom A > 0. BeiBon: M3(—3;2) — TouKa JIOKAJIbHOTO MUHMU-
myMma oyskuun f(z;y) ¢ fmin = f(—3;2) = —10.
Omeem. min f(z;y) = f(-3;2) = —10.





Задания:

[image: image18.png]Hccaedosamd na axecmpemym caedyrouwjue Gyrxyuy:

3

11.7.8. f(z;y) =22 +zy+y*—2z— 3y +53




[image: image19.png]11.7.9. f(z;y) = -2’ +zy—y*> -9z +3y—20.



 [image: image20.png]11.7.23. f(z;y) = —z% + zy — y?2 — 9y + 6z — 35.
11.7.24. f(z;y) = 622 — Tzy + 29> + 62 — Jy.
11.7.25. f(z;y) = 422 — 5xy + 3y*? — 9z — 8y.
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