Модуль: Степенные ряды (M4)
Цель: понятие степенного ряда. Радиус сходимости, область сходимости.
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a0+ a1z +ax°+...+apz" +..., (3.1)
rae ao,a1,a2,...,0n,... — INOCTOSIHHBIE YKCJIa (OedCTBHTE /IbHBIE WJIM KOMILJIEKC-
HblE), & T — NEepeMeHHasl BeJIMUMHA (Takxke NeHCTBUTE/IbHAA WJIM KOMILJIEKCHAs),
Ha3bIBAETCA cmenenivim padom. Uucna ao,ai1,a2,...,a,,... HA3LIBAIOTCA X03(-
Ppuyuenmamu cmenenrozo pada. COKpalleHHO CTENneHHOH psn 0003HAYAIOT TakK:
o0
> anz". &E
n=0

= Dynem HasbiBaTh cTeneHHo#t pan deticmeumenvhvim (COOTBETCTBEHHO, KOMN-
AEKCHDIM) cnenerHbiM PAdom, eciin ero k03duieHTs — nelcTBUTE IbHBIE (COOT-
BETCTBEHHO, KOMILJIEKCHbIE) YMCJIA, a NEPEMEHHAsA T NMPUHUMAET NeHCTBHUTEJIbHbIE
(COOTBETCTBEHHO, KOMILIEKCHBIE) 3HAYEHUS. E

YacTo paccMaTpHBaIOT CTeNeHHbIE PAabl Oosiee obmiero Buaa

Ean(x—a)" =ao+ai(r—a)+ax(z—a)’+...4an(z—0a)"+..., (3.2

n=0

YACTHBIM CJIy4YaeM KOTOPBIX NpH @ = () AB/IAI0TCS 0ObIuHbIe cTeneHHble paas! (3.1).
C npyro#i cTopoHsl, Kaxapit cTeneHHo# pan Buaa (3.2) ¢ moMoOWbIO 3aMEHEI mepe-
(o ]
MEHHOH Yy = T — a CBOOUTCA K pany ., an,z”™ Buia (3.1).
n=0
= IlpupnaBasa mepeMeHHOIl £ B CTEIIEHHOM psAlle KOHKPETHOE YMCJIOBOE 3HAaYE€HHe
T = To, NOJIYYUM YHCJIOBOH# psn, XOTOpBI# cxomuTCsa WM pacxoguTrca. MHoxecTBo
BCEX TeX 3HAYEeHMH nepeMeHHOH, mMpM KOTOPBIX OAHHbIH CTeneHHOU paL CXOOUTCH,
Ha3bIBaeTCA 06aacmbvr0o cxodumocmu 3TOr0 pala. &

IIpu £ = 0 (cooTBeTcTBEeHHO, NpM T = a) BCcaku# creneHHo# psan Buma (3.1)
(coorBercTBeHHO, BHAa (3.2)) cxomuTCs, NO3TOMY 06JIACTH CXOOAMMOCTH CTEMEHHOTO
pPsAla COOEPXUT NO KpaitHel Mepe OOHY TOYKY.
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Teopema 1.5 (A6enn). Ecnun crenenHoi pap > anz™ cxoanTCA B TOuYKE o, TO
n=0

oH abConIoTHO CXOANTCA B KaXKAOH TOYKe T, ANA KOTOpOM |z| < |zo|.
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Cnepcreuve 1.1. Ecnn ctenenHon paa ) anx™ pacxoanTCa Npu HEKOTOPOM 3Ha-
n=0

YEHWN T = T1, TO OH PACXOANTCA N NPN BCEX 3HAYEHUAX T, ANA KOTOPLIX || > |Z1].




[image: image4.png]= Humepsasom crodumocmu NeicTBUTESIBHOTO cTeneHHoro pana Buaa (3.1) (co-
OTBETCTBEHHO, B2 (3.2)) Ha3bIBaeTCs T&.KOﬁ uHTepBaJ (—R, R) (coorBercTBEHHO,
(a0 — R,a0 + R)), uTO B KaxXx [0t €ero Touke psl CXOOUTCH aOCOJIIOTHO, a B KaxX ool




[image: image5.png]Touxe, jexamelt BHe orpeska [— R, R] (cooTBercTBenHo, [ro— R, o+ R]), pan pacxo-
gutca. Ha rpaHuiiax mHTEpBasIa CXOOMMOCTH, T. €. B ToOUkax £ = R (cooTBeTcTBEH-
HO, B TOYKaX T = To = R), pan MoXeT KaK CXOOUTHCHA, TAK M PACXOOUTHCA. THCIIO
R Ha3bIBaeTCs paduycom crodumocmu DefiCTBUTEIBHOTO CTENEHHOrO pAna. &E




[image: image6.png]= Kpyzom crodumocmu KOMILUIEKCHOro crenmeHHoro psima Buma (3.1) (coormer-
cTBEHHO, Buaa (3.2)) HaswiBaeTcsa Takoi oTkpoiThii KpyT |z| < R (cooTBeTCTBEHHO,
|z —a| < R), uTo B KaX 0l €ro Toyke psAl CXOOMTCH aOCOIIOTHO, a B KaxX ot Touke,

Jexanieit BHe 3aMkHyTOro kpyra |r| < R (coorBeTCTBEHHO, BHE 3aMKHYTOr0 KPYra
|z — a| < R), pan pacxomurcs. &




[image: image7.png]VHTepBas1 M KPYyr CXOOUMOCTHM PsNa, Kak NMPABWIO, ONPENEJIAIOT C MOMOUIBIO
npu3Haka llanambepa uwiau npusnaka Komm, mpMMEHEHHBIX K 3HAKOMOJIOXKUTEJIb-

HOMY pany

o0 o0
E lanz™| (coorBercTBEHHO, E lan(z — a)™)),
n=0 n=0

COCTABJICHHOMY W3 a0COJIIOTHBIX BEJIMYUH YJIEHOB MCXOOHOI'O CTENEHHOrO pAna.
1 BBIYHCJIEHH A paguyca cCXoOuMoCcTH R cTreneHHOro psna npMMEHAIOTCS TaK-
xKe popMYJIbL:

an | 1
H R=————
An+1 lim %/|an|

n—o00
B T€X CJIy4asX, KOTJa YKa3aHHbIE NMPEIesIbl CyIeCTBYIOT.

R = lim

n—o00





Пример 1.

Найти область сходимости ряда
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nel 2n+1



  

Решение:

[image: image9.png]Q IIpumenum npusnak danambepa. Ilockombky
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an |~ | o+D+1 T gntl | T
(n +1)! (z-3)" o9n+1 1 I 3|
on! ( 3)n— 1°§n_+2_|("+1) (z—-3)- §|= - (n+1),
TO
-3 _ 3’
n—oco| Q@n n—so0o 2

0HpH.’L‘-3=0, r = 3.



[image: image10.png]TakuM 0O6pa3oM, pan cxogutcs: (aBCOTIOTHO) TOJIBKO NPH £ = 3, B OCTAJIbHBIX
TOYKAX 4YUCJIOBOH MpAMOH psil pacXOmUTCs. @




Пример 2.

Найти область сходимости ряда
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Решение:

[image: image12.png](9 Bocnosnbsyemca npusnakom Komm:

n—1 n
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lim %/|a,|= lim %
n—oo n—o00

1

1__

= |z + 1] li_r)n 3nn =|t+1-0=0<1 mpu Bcex = € (—00,+00).
n—o0

CiienoBaTesibHO, PAL CXOOUTCA aDCOJIIOTHO B KAXOOW TOYKE YMCJIOBOH mpsi-
Mot (—o00, +00). ®




Пример 3.

Найти область сходимости ряда
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Решение:

[image: image14.png](Q IMpumenum npusnak Hanambepa:

mn+1
T

lim = lim

n—>o0

= lim |z| = |z
n n—oo

(9TOT Xe pe3ysIbTAT MOXHO IIOJIYy4YdTh, HpUMeHAss mnpu3Hak Komu:
nll)ngo Yl an| = nll)n;o Y| = nll)n;o |lz| = |z|.) Orciona cnenyer, yro mpm
|z| < 1 (T.e. npu z € (—1,1)) pan cxomurca abcosl0THO, pu || > 1 pacxo-
murcs. Takum obpasoMm, unrepsasi (—1,1) — MHTEPBaJI CXOAUMOCTH JAHHOTO

pana. UccoenyeMm psam Ha CXOOMMOCTDb B TPAHUYHBIX TOYKaX 3TOTO HHTEPBAJIA,
T.e. BTOYKaX = —1uzx = 1.

Ilpu £ = —1 mosnyyuMm 3HaKO4Yepenywmuiica pan,

i(-nn:-1+1-1+1-...+(-1)n+

n=1

ITOT psAl PACXOIUTCA, T.K. HE BLITIOJIHEH HEOOXOMMMbIil TpU3HAK CXOIMMOCTH
(an » 0 ipu n = 00).
Ilpu z = 1 mosyyum psan

o0
21"=1+1+1+...+1+...

n=1
ITOT psil, PACXOOMTCS 110 TOM XKe NpUIMHe, TaK KaK

lim a, = hm 1=1#0.

n— o0

Nrax, 0651aCcTb CXOOUMOCTHY JAHHOIO psina — uHTepBaJ (—1,1).




Задания:

[image: image15.png]B 3adavax 1.3.7-1.3.1} 0an onpedeaerus unmepeaaa crodumocmu UCnosb-
3oeamv npusnax Jasambepa. B 3adavax 1.3.15-1.3.20 dasn onpedeaerus un-
MEPBAAaG CTOJUMOCTIU UCTIOAL308AMD TIPU3HAK Kowu.
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	Необходимую информацию записать в тетрадь
Решить задания, сдать на проверку.
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